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Abstract. We provide a finite-dimensional model of the twisted K-gvoup 
twisted by any degree three integral cohomology class of a CW complex. One 
key to the model is Furuta's generalized vector bundle, and the other is a 
finite-dimensional approximation of Fredholm operators. 



1. Introduction 

Since the work of Atiyah and Hirzebruch [2], if -theory has been recognized as 
a fundamental notion in topology and geometry. Twisted if -theory is a variant of 
if -theory originating from the works of Donovan-Karoubi [10] and Rosenberg [19] . 
Much focus is on twisted if -theory recently, due to applications, for example, to 
D-brane charges ([TT] ED]), Verlinde algebras [H] and quantum Hall effects [5]. 

As is well-known, the if -group K(X) of a compact space X admits various 
formulations. The standard formulation of K(X) uses finite dimensional vector 
bundles on X. One can also formulate K(X) by using a C*-algebra as well as the 
space of Fredholm operators. To define twisted if -theory, we usually appeal to the 
latter two formulations above, involving some infinite dimensions. 

if -theory enjoys numerous applications to topology and geometry because of its 
realization by means of vector bundles. To give a similar realization of twisted 
if -theory seems to be an interesting problem to be studied not only for better 
understanding but also for further applications. 

So far, as a partial answer to the problem, twisted vector bundles or bundle 
gerbe if -modules [6] are utilized to realize the twisted if -group whose "twisting" 
satisfies a condition. The condition is that the degree three integral cohomology 
class corresponding to the twisting is of finite order. A complete answer to this 
realization problem, valid for twistings corresponding to any degree three integral 
cohomology classes, was known by Andre Henriques. The aim of the present paper 
is to give another complete answer by generalizing the following result announced 
in [15]: 

Theorem 1. Let X be a CW complex, P a principal bundle over X whose struc- 
ture group is the projective unitary group of a separable Hilbert space of infinite 
dimension, and Kp(X) the twisted if -group. We write KFp(X) for the homo- 
topy classes of P -twisted (Li -graded) vectorial bundles over X. Then there exists 
a natural isomorphism a : Kp(X) — ► KFp(X). 
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The notion of vectorial bundle is a generalization of the notion of vector bundles 
due to Mikio Furuta [13] . Vectorial bundles realize the ordinary if-group K (X), and 
arise as finite-dimensional geometric objects approximating families of Fredholm 
operators. We can think of the approximation as a linear version of the finite- 
dimensional approximation of the Seiberg-Witten equations |14j . Since Kp(X) 
consists of certain families of Fredholm operators, a twisted version of vectorial 
bundles provides a suitable way to realize twisted iC-theory. 

As a simple application of Theorem[TJ we can generalize some notions of 2-vector 
bundles [3 [7] . The notion of 2-vector bundles in the sense of Brylinski [7] uses the 
category of vector bundles, and a 2-vector bundle of rank 1 reproduces the category 
of twisted vector bundles, so that the twisted .fT-group whose twisting corresponds 
to a degree three integral cohomology class of finite order. By using the category 
of vectorial bundles instead, we get a proper generalization of Brylinski's 2-vector 
bundles. This generalization reproduces the category of twisted vectorial bundles, 
and hence the twisted if-group with any twisting. A similar replacement may 
generalize 2-vector bundles of Baas, Dundas and Rognes [5], which they studied in 
seeking for a geometric model of elliptic cohomology. 

Also, Theorem [T] allows us to construct Chern characters of twisted i^-classes in 
a purely finite-dimensional manner [16j . 

In a word, the proof of Theorem [T] is a comparison of cohomology theories: as is 
well-known, the twisted if-group Kp{X) fits into a certain generalized cohomology 
theory Kp(X,Y). The group KFp(X) also fits into a similar cohomology theory 
KFp(X,Y), and the homomorphism a : Kp(X) — * KFp(X) extends to a natural 
transformation between these two cohomology theories. Then, appealing to a stan- 
dard method in algebraic topology, we compare these cohomology theories to show 
their equivalence. 

According to the outline of the proof above, this paper is organized as follows. In 
Section [51 we review a definition of twisted X-theory and a construction of twisted 
if-cohomology Kp(X,Y). In Section [3l we introduce the notion of (Z 2 -graded) 
vectorial bundles and its twisted version. In Section IU we construct the cohomol- 
ogy theory KFp (X, Y) . In Section [5j we construct the natural transformation be- 
tween K P (X, Y) and KFp(X, Y). A key to the construction is a finite-dimensional 
approximation of a family of Fredholm operators. After a study of the natural 
transformation, we compare the cohomology theories to derive Theorem[T] Finally, 
in Appendix, proof of Furuta's results, crucial to the present paper, are culled from 
the Japanese textbook [13] for convenience. 

Acknowledgments. I benefited a lot from discussion with M. Furuta on various 
stage of the work, and I am grateful to him. I thank T. Moriyama for suggestions 
regarding the proof of Theorem [T] I also thank A. Hcnriques for suggestions about 
the proof and for comments on a draft. I am indebted to D. Freed for useful 
discussion. The author's research is supported by a JSPS Postdoctoral Fellowship 
for Research Abroad. 

2. Twisted K-theory 
We here review twisted JsT-cohomology theory, following [3l [9] mainly. 
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2.1. Review of twisted If -theory. Let PU(H) = U(TL)/U(1) be the projective 
unitary group of a separable Hilbert space TL of infinite-dimension. We topologize 
PU(7i) by using the compact-open topology in the sense of [3J. Let !F(TL) be the 
set of bounded linear operators A : TL — > TL such that A* A — 1 and AA* — 1 are 
compact operators: 

T{TL) = {A:TL^TL\ A* A - 1, AA* - 1 e JC(H)}. 

Note that J-(H.) is a subset of the space of Frcdholm operators on TL. We induce a 
topology on J-{TL) by using the map 

norm norm •> 

A i ► (A, A*, A* A - 1, AA* - 1) 

where B(TL) co is the space of bounded linear operators B(TL) topologized by the 
compact-open topology, and K-(TL) norm is the space of compact operators K{TL) 
topologized by the usual operator norm. Then TiTL) is a representing space for 
-RT-theory, and PU(H) acts continuously on T(TL) by conjugation ([3J). 

In this paper, the "twist" in twisted if-theory is given by a principal PU(TL)- 
bundle. For a principal PU (TL)-bund\e P-»I given, the conjugate action gives 
the associated bundle P XAd F(H) — ► X whose fiber is T(TL). 

Definition 2.1. Let X be a compact Hausdorff space, and P — > X a principal 
P£/(7i)-bundle. We define the twisted if-group Kp(X) to be the group consisting 
of fiberwise homotopy classes of the sections of P Xyu ^(W) — * X: 

Kp(X) = T(X,Px Ad ^(H))/homotopy, 

where the addition in Kp(X) is given by fixing an isomorphism TL © Ti. = TL. 

Remark 1. As in ^3], we can consider a more refined "twist" by introducing a 
Z2-grading to the Hilbert space and using unitary transformations of degree 1. 
However, the present paper does not cover the case. 

Remark 2. In [3J, a projective space bundle plays the role of a "twisting". Since 
the structure group of the projective space bundle is PU(TL), Definition 12.11 gives 
the same twisted X-group as that in [3j. 

Remark 3. Instead of the compact-open topology, we can also work with the topol- 
ogy on PU(TL) given by the operator norm. In this case, the formulation of twisted 
-ftT-theory uses the space of (bounded) Fredholm operators on TL equipped with 
the operator norm topology, instead of T{TL). An advantage of the compact-open 
topology, other than that pointed out in [3J, is that it simplifies some argument in 
Subsection 15.11 

2.2. Review of twisted if-cohomology. We formulate twisted if-cohomology 
as a certain generalized cohomology. 

We write C for the category of CW pairs: an object in C is a pair (X, Y) consisting 
of a CW complex X and its subcomplex Y , A morphism / : (X 1 , Y') — > (X, Y) is a 
continuous map / : X' — > X such that f(Y') C Y. We also write C for the category 
of CW pairs equipped with P£/(7i)-bundles: an object (X, Y; P) in C consists of 
a CW pair (X, Y) G C and a principal PU (TL)-bund\e P — > X. A morphism 
(f,F) : (X',Y';P r ) -> (X,Y;P) consists of a morphism / : (X',Y') -> (X, Y) in 
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C and a bundle map F : P' — > P covering /. A CW complex X equipped with a 
principal PZ7(W)-bundle P -> X will be identified with {X, 0; P) E C. 

Let (X, Y) E C be a CW pair and P ^ I a principal PP(ft)-bundle. The 
support of a section A E T(X, P XAd .F(W)) is defined to be the closure of the set 
consisting of the points at which A is not invertible: 



Kp n (X,Y) 



SuppA — {x E X\ A x : Ti — > H is not invertible}. 

We define K P (X, Y) by using sections A E T(X, P XAd such that SuppA n 

Y = 0. In Kp(X, Y), two sections Ao and Ai are identified if they are connected by 
a section A £ F[X x I,(Px I) x Ad T(H)) such that SuppA n (Y x I) = 0, where / 
is the interval [0, 1]. We then define the twisted i^-cohomology groups Kp n (X, Y) 
as follows: 

K PxI n(X X I n ,Y X I n UX X dl n ), (n>0) 
Kp-(X,Y). (n<0) 

Clearly, a morphism (/, P) : (X',Y';P') — > (X, Y";P) induces a homomorphism 
(/,P)* : #£(X,Y) -> i^p^F') for all n E Z. In the case of P' = /*P, we 
simply write /* : Kp(X, Y) — ► K^ p {X' ,Y') for the homomorphism induced from 

(/, /), where / : /*P — * P is the canonical bundle map covering /. 

Now, we summarize basic properties of twisted if-cohomology theory ([3, 9, 11]): 

Proposition 2.2. The assignment of {Kp(X,Y)} ne z, to (X,Y;P) E C has the 
following properties: 

(1) (Homotopy axiom) If {f ll F i ) : (X',Y';P r ) -> (X,Y;P), (i = 0, 1) are ho- 
motopic, then the induced homomorphisms coincide: (/o,Po)* — (/liPO*. 

(2) (Excision axiom) For subcomplexs A, B C X, the inclusion map induces 
the isomorphism: 

K n PUuB (A U B, B) £ K£ u (A, AnB). (n E Z) 

(3) (Exactness axiom) There is the natural long exact sequence: 

... - A-^(y) x?(Jf,y) - - ^, y (y) ^ •■■ . 

(4) (Additivity axiom) For a family {(X\, Yy, P\)}aga in C, the inclusion maps 
X\ — * \Jx induce the natural isomorphism: 

K u n x Pa (UxXx, U A n) S II *J?(*a, y A)- (n G Z) 

A 

(5) (Bott periodicity) There is the natural isomorphism: 

(3 n : K n P {X,Y) — » ^- 2 (X,F). (n E Z) 

The homotopy axiom and the additivity axiom are clear. The excision axiom is 
due to the fact that the set of invertible operators in J-(H) is contractible 3 . The 
periodicity is a consequence of the homotopy equivalence !F(H) ~ f2 2 P(W), ([31 2]). 
The exactness axiom follows essentially from the cofibration sequence: 

• ■ ■ < — Y?Y < — Z(X/Y) < — TjX < — YY < — X/Y < — X < — Y, 

where E stands for the reduced suspension. Noting the homotopy equivalence 
S"(X TJ pt) ~ X x I n /(Y x I n U X x dl n ) 7 we obtain the non-positive part of the 
long exact sequence for a pair (X, Y) in a way similar to that used in [T] . Then we 
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get the positive part by using the Bott periodicity. A similar construction of the 
exact sequence will be performed in Subsection l4.3l in our finite-dimensional model. 

Remark 4. The definition of Kp(X, Y) in [9] is equivalent to that in this paper, 
because of the definition of the support of A G T(X,P XAd !F(H)). The definition 
of K p n (X) in 3, 9J, which utilizes sections of the bundle P x Ad Vt n F(U) over X, 
is also equivalent to our definition. 

3. Vectorial bundle 

We here introduce Furuta's generalized vector bundles |f 3] as vectorial bundles. 
Our formulation differs slightly from the original formulation in [13) . Twisted vec- 
torial bundles are also introduced in this section. 

3.1. Vectorial bundle. 

Definition 3.1. Let X be a topological space. For a subset U C X, we define 
the category 7iJ-(U) as follows. An object in TLT(U) is a pair (E, h) consisting of 
a Z2-graded Hermitian vector bundle E — > U of finite rank and a Hermitian map 
h : E — > E of degree 1. The homomorphisms in 7iJ-(U) are defined by 

Rom n y, {u) ((E,h),(E',h')) = {</> : E -> E ' degree 0, <ph = tic/)}/ =, 

where = stands for an equivalence relation. That cj> '= <fi' means: 

For each point x G U, there are a positive number fi > and an 
open subset V C U containing x such that: for all y G V and 

£ G (E, h) y , <fl , we have = 

In the above, we put 

[E, h)„,< P = Ker{h 2 y — A) = 0U G E y \ = A?}. 

By abuse of notation, we just write 4> for the equivalence class [<fi] of a map 
<j> : (E,h) -> in Ho m?<r([;) ((£,ft),(£',/i')). For a subset V C U, the 

restriction (E 1 , /i) i— > /i)|y defines a functor HJ-(U) — > 7iJ-(V), which composes 
properly for a smaller subset in V. 

Definition 3.2. For a space V, we define the category K.J-(X) as follows. 

(1) An object (U,(E a ,h a ),<p a ff) in ICJ-(X) consists of an open cover U = 
{U a }ae<s. of X, objects (E a ,h a ) in THF{Ua), and homomorphisms <^ Q( g : 
(Ep,hp) — > (E a ,h a ) in 'HT{U 0L p) such that: 

<j>*p<t>pa = 1 in 7tT{U a p)] 
4>oL@$@~i — ^7 in HT(U a ^), 

where £/ a| g = U a C\Up and ?7q,^ 7 = C/ Q n C/g n ?7 7 as usual. We call an object 
in K,!F{X) a vectorial bundle over X. 

(2) A homomorphism ({U' a ,}, (E' a ,, h' a ,), ft a ,p,) -> ({U a },(E a ,h a ),4>ap) con- 
sists of homomorphisms VW' : (E' ali h' a ,) — » (E a ,h a ) in HJ-(U a fl [/£/) 
such that the following diagrams commute in HJ-(U a fl f/^, fl [//?') and 
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HT{U a r\UpnU' a ,), respectively. 

E' a , E a E, 




An isomorphism of vectorial bundles is a homomorphism in K,T(X) admitting 
an inverse. Vectorial bundles Eo and Ei over X are said to be isomorphic if there 
exists an isomorphism Eo — > Ei . To indicate the relationship, we will write Eo = Ei . 
Vectorial bundles E and E x are said to be homotopic if there exists E £ K.J-(X x /) 
such that Ejx x {i} — E^ for i = 0, 1. We will write [E] for the homotopy class of a 
vectorial bundle E 6 JCJ-'(X). 

Lemma 3.3 ( 13J). Let KF(X) be the homotopy classes of vectorial bundles on X. 
Then KF(X) is an abelian group. 

Proof. The addition in KF(X) is given by the direct sum of vector bundles, and 
the inverse by reversing the Z 2 -grading in vector bundles. Then the present lemma 
will be clear, except the consistency of the definition of the inverse. To see it, 
we define (F, 77) £ HT{I) by taking F = F° © F 1 to be F l = I x C and n : 

F ^ F to be rj = (° t * ^ . We multiply (E, h) £ UT(X) by (F, n) to get 

(E <S> F : h © id_p + e (g) rj) £ TiT(X x /), where e : E — > E acts on the even part 
E° of E = E" © E 11 by 1 and the odd part E 1 by -1. Then, as a homotopy the 
object above connects the trivial object in TLT(X) with (E,h) © (_E v ,/i v ), where 
(E v ,h w ) stands for (E 7 h) with its Z 2 -grading reversed. We can readily globalize 
this construction, so that the inverse is well-defined. □ 

For a Z2-graded vector bundle E over X, we can construct a vectorial bundle over 
X by taking an open cover U of X to be X itself and a Hermitian map h : E — > E of 
degree 1 to be ft, = 0. This construction of vectorial bundles induces a well-defined 
homomorphism K(X) — » KF(X). The following result of Furuta will be used in 
Subsection 15. 3[ and its proof is included in Appendix. 

Theorem 3.4 ([13]). If X is compact, then K(X) — ► KF(X) is bijective. 

Remark 5. As Definition 13.11 works without Z2-grading, the vectorial bundles in 
Definition 13.21 should be called ^-graded vectorial bundles. However, we drop the 
adjective "Z2-graded" , since ungraded ones will not appear in this paper. 

3.2. Twisted vectorial bundle. 

Definition 3.5. Let X be a topological space, P — > X a principal P[/(7Y)-bundle, 
and U C X a subset. 

(a) We define the category V{U) as follows. The objects in V{U) consist of 
sections s : U — > P\u- The morphisms in V{U) are defined by 

Hom m) ( S , S ') = {.g : U - t/(W)| sVQ?) = s}, 

where 7r : PU(H.) — > {/ (7i) is the projection. The composition of morphisms 
is defined by the pointwise multiplication. 
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(b) Wc define the category JiTpiJJ) as follows. The objects in HJ-p(U) are 
the same as those in V{U) x HJ-(U): 

Oh]{HF P {U)) = Ob]{V(U)) x Oh]{HT{U)). 

The homomorphisms in ~HT 'p{U) are defined by: 

Hom H F P (u){{s,{E,h)),{s',{E',ti))) 

= Hom P(c/) (s, s') x YLom HHU) ((E, h), (E' , h'))/ ~, 

where the equivalence relation ~ identifies (g, <ft) with (g(, </>£) for any {/ (1)- 
valued map £ : U — > f/(l). 

Definition 3.6. Let X be a paracompact space, and P — > X a principal PU(H)- 
bundlc. Wc define the category jCTp(X) as follows. 

(1) An object (W, 5 Q ,$ Q| a) in 1CT{X) consists of an open cover U = {U a }ae% 
of X, objects £ a in HJ-p(U a ), and homomorphisms <& Q/ 3 : ^ — > £ a in 
TLJ-p{U a fj) such that: 

$a/3$/3a = 1 in W T P ( E7 a/3 ) ; 
$a/3$/3 7 = * Q7 in HT P {U aS3l ). 

We call an object in the category YZT p{X) a twisted vectorial bundle over 
X twisted by P, or a P-twisted vectorial bundle over X. 

(2) A homomorphism ({U' a ,}, £' a ,, Q' a igi) — > ({U a }, £ a , $ap) consists of homo- 
morphisms ^aa' : £' a , — > £ Q in TLTp(U a fl sucn that tnc following 
diagrams commute in 7i!Fp(U a fl [/^, n t/g/) and JiFpilJa PI {7/3 fl ET^), 
respectively. 




It may be helpful to give a more explicit description than that in the definition 
above. We can describe a twisted vectorial bundle as the data 

(U, s a ,g al 3, (E a ,h a ), (pap) 

consisting of: 

• an open cover U = {U a } of X; 

• local sections s a : U a — > P\u a \ 

• lifts g a p : U a/ 3 — > U(TL) of the transition functions g a p; 

• Z2-gradcd Hcrmitian vector bundles E a — > £/ a of finite rank; 

• Hermitian maps h a : E a ^> E a of degree 1; 

• maps Q/3 : Ep\ Ua0 -> -Ea|(y Q/3 such that h a a/ 3 = ^/i/j and: 

4> a /34>f3a '=. 1 on f7 a/3 ; 

0a/3^/3 7 — . Za/3 7 ^a 7 On C/ a/ 3 7 . 

In the above, the transition function g a p : U a fj — > PU{TL) is defined by s a g a f3 = sp. 
A lift (?q,/3 of ^q,^ means a function g a/ 3 : [7 a/ g — > U(7i) such that irog a p = g a p. The 
function z a/37 : E/ Q/37 -> C/(l) is defined by 3 Q( 35/3 7 = z a /3 7 ffa 7 - 
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Note that the data s a , g a p of P are crucial in considering isomorphisms classes 
of twisted vectorial bundles. 

Definition 3.7. We denote by KFp(X) the homotopy classes of twisted vectorial 
bundles over A twisted by P. 

The notion of homotopies of P-twisted vectorial bundles over X is formulated by 
using (P x J)-twisted vectorial bundles over X xl. As in the case of KF(X), the set 
KFp(X) gives rise to an abelian group. Clearly, if P is trivial, then a trivialization 
P ^ X x PU(H) induces an isomorphism KF P {X) = KF{X). 

Remark 6. Consider the following property of a topological space X: 

(L) For any principal PU (H)-bund\e P — > X and an open cover of X, there is a 
refinement U — {U a } of the cover such that we can find local trivializations 
s a '■ U a — > P\u a and lifts g a p of the transition functions g a (3- 
As P is locally trivial, the existence of lifts g a /3 matters only. In general, paracom- 
pact spaces have the property (L). Thus, through this property, the paracompact- 
ness assumption in Definition 13.61 ensures that KFp(X) is non-empty. 

Remark 7. The assignment of V(U) to each open set U C X gives a U(l)-gerbe over 
X, where U(l) is the sheaf of germs of E/(l)-valued functions. In general, for a U (1)- 
gerbe G, we can construct a category }CJ r g(X) similar to IC!Fp(X). On a manifold 
X, the assignment U — * KFgiU) becomes a stack and gives the generalization of 
Brylinski's 2- vector bundle mentioned in Section [T] 

4. COHOMOLOGY THEORY KF 

By means of AFp(A), we construct in this section a certain generalized cohomol- 
ogy theory similar to twisted _ftT-cohomology theory. Then we describe and prove 
some basic properties. 

4.1. Construction. Let A be a paracompact space, and P —> X a principal 
PU (H)-bundlc. We define the support of a twisted vectorial bundle 

E= (U, ),M&KT P {X) 

to be: 

SuppE = {x G A| (h a ) x is not invertible for some a }. 

For a (closed) subspace Y C A, we denote by KLTpiX, Y) the full subcategory 
in K,Tp{X) consisting of objects E such that SuppE n Y = 0. Then we define 
KFp(X, Y) to be the homotopy classes of objects in JCJ-p(X, Y), where homotopies 
are given by objects in lCTp^i{X X I,Y X I). For n > 0, we put: 

KF p n (X,Y) = KF PxI n(X x I n ,Y x TUX x dl n ). 

We also put KFp(X,Y) = KF F , 1 (X,Y). By means of the pull-back, a morphism 
(f,F) : (X',Y';P') -> (X,Y;P) in C clearly induces a homomorphism (f,F)* : 
KF£(X, Y) KF£, (A', Y'). In the case of P' = f*P and F = f, we will write /* 
for the induced homomorphism. 

Proposition 4.1. The assignment of {KFp(X,Y)} n <i to (A, Y;P) £ C has the 
following properties: 
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(1) (Homotopy axiom) If(f l ,F t ) : {X',Y';P') -» (X,Y;P), (i = 0, 1) are ho- 
motopic, then the induced homomorphisms coincide: {fo,Fo)* — (/i,-Fi)*. 

(2) (Excision axiom) For subcomplexs A, B C X, the inclusion map induces 
the isomorphism: 

KF PUus ( A ^ B,B) = KF£ U (A, A n B). 

(3) ("Exactness" axiom) There is the natural complex of groups: 

► KFp^fY) ^ KF P (X,Y) KF P (X) -» KF p]y {Y) % KF P (X,Y). 

This complex is exact except at the term KFp,(Y). 

(4) (Additivity axiom) For a family {(X\, Y\; P\)}xeA in C, the inclusion maps 
X\ — > Y[\ X\ induce the natural isomorphism: 

KF u y x (U A X A , U A y A ) = II KF Px n (X x ,Y x ). 

A 

The homotopy axiom and the additivity axiom follow directly from the definition 
of KFp(X, Y). The excision axiom and the "exactness" axiom will be shown in the 
following subsections. 

Remark 8. The Bott periodicity for KFp n (X, Y) is not yet established at this stage. 
This is the reason that the "exactness" axiom in Proposition 14.11 is formulated 
partially. At the end, the periodicity will turn out to hold, and we will obtain the 
complete exactness axiom. 

Remark 9. A generalization of KFp(X) is given by incorporating actions of Clifford- 
algebra bundles into vectorial bundles. Another generalization is to use real vector 
bundles with inner product instead of Hcrmitian vector bundles. These generaliza- 
tions also satisfy properties similar to those in Proposition [JT] 

4.2. Excision axiom. We here prove the excision axiom in Proposition 14. II For 
untwisted KF{X, Y), the excision theorem is shown in [13] . The following argument 
is essentially the same as that used in the untwisted case. 

Lemma 4.2 (Meyer- Vietoris construction). Let X be a paracompact space, P — > X 
a principal PU(7i) -bundle, and U, V C X open subsets such that U D V 0. 
//Eg /CJ r p| i7 ([/) and F G K,T p\ v (V) are isomorphic on U fl V , then there is 
G G K,F P \ UUV (U U V) such that Q\ v = E and G\ v = F. 

Proof. Suppose that E = (U, £ a , $ a(1 ') and F = (V,Fp,?!?pp'). We can construct 
the object G = (W, £ 7 , Y 7 y) as follows. We let W be the open cover of U U V 
consisting of the open sets belonging to U or V. The object Q 1 is £ a or Tp. Then 
$qo', and the data of the isomorphism E|[/nv = F|[/ n v together give the 

morphisms T 77 '. □ 

Proposition 4.3 (Excision axiom). Let X be a paracompact space, and P — > X a 
principal PU{TL) -bundle. For an open set U and closed set Y such that U C Y C X , 
the inclusion i : X — U — > X induces the isomorphism: 

i* : KF P (X,Y) KF P \ X _ LJ (X - U,Y -U). 
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Proof. It suffices to construct the inverse of i*. Suppose that we are given E 6 
ICTp^^iX -U,Y -U). We put V = X - Y and W = X - SuppE. We let 
O = (U, s a , g a p, (E a , h a ), <t>a.p) £ JCJ-p\ w (W) be an object such that E a , h a and 
4> a p are trivial. Note that O represents £ KF P \ W (W). Clearly, the support 
of E does not intersect V (~l W. Thus, there is a natural isomorphism E|y n w = 
©|vrw, so that Lemma l4~2l provides us an object E £ tCJ r p(X) such that SuppE n 
Y = and E|x— u — E. Note that the construction in Lemma 14.21 is natural. 
Hence the construction of E above behaves naturally with respect to the pull-back. 
Consequently, the assignment E i— > E induces a well-defined map KFp\ xu {X — 
U, Y - Y) -> KF P (X, Y), giving the inverse to i*. □ 

Now, the excision axiom in Proposition 14.11 follows from the proposition above: 
Setting X = A U B, Y = B and U = B - A n B, we get KF P (A U B,B) ^ 
KF P \ A (A,An B), which leads to KFp(A U B, B) ^ KF^,(A,AnB), (n < 0). 

4.3. Exactness axiom. We show the "exactness" axiom in Proposition 14.11 in a 
way similar to that used in [T]. To define the connecting homomorphism 6- n , we 
begin with: 

Lemma 4.4. Let X be a paracompact space, P — > X a principal PU {Ti) -bundle, 
and Z C Y C X subspaces. If Y — > X is a cofibration, then we have the exact 
sequence: 

KF P (X, Y) ^ KF P (X, Z) KF PW {Y, Z), 
where i : (X, Z) — » (X, Y) and j : (Y, Z) — > (X, Y) are the inclusion maps. 

Proof. Clearly, j*i* = 0. Suppose that [E] £ KF P (X,Z) is such that j*([E]) = 0. 
This means that there is a homotopy F £ tCJ 7 p x j(Y x I,Z x I) connecting E|y 
with a trivial object O on Y. Then we have an object 

Ge^ Px[(U] (iu{o}uyx [0,1], Zx [0,1]) 

such that G|xx{o} — ^ and G|y x {i} = O. We can construct such an object G 
by applying Lemma 14.21 to F|y x mi] and the pull-back of E under the projection 
X x {0} uyx[0,l)->Xx {0}. Now, because Y — » X is a cofibration, we have a 
map ?y making the following diagram commutative. 

X x {0} U Y x [0, 1]C ^ X x [0, 1] 

id ^ ^ 

X x {0} U Y x [0, 1] 

Then H = rj(-, 1)*G defines [H] £ KF P (X,Y). Since the homotopy H = n*<G £ 
K,T PxI (X x I,Z X 7) connects G\ x x{0} = E with H, we have = [E]. □ 

Lemma 4.5. For (X,Y;P) £ C, t/ie group KFp~ n+1 (X,Y) is isomorphic to 

KFpxin {X x r- 1 x {0} U (Y x J™" 1 U X x d/"- 1 ) x 7, 

Y x J"" 1 x {1} U X x dr- 1 x I). 
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Proof. Recall KFp n+1 (X,Y) = KF PxI n-i(X x 7"" 1 , Y x I 71 ' 1 U X x dF 1 - 1 ) by 
definition. Consider the following maps: 

(X x J"- 1 x {0} U (Y x I™- 1 U X x a/"- 1 ) x 7, 

y x i™- 1 x {1} u x x a/"- 1 x /) 

(X x 7™- 1 x {0} U (Y x 7™- 1 U X x S7™- 1 ) x 7, 

(y x r^ui x ar- 1 ) x 7) 

p "j 

(X x 7"- 1 x {0}, (Y x 7"- 1 U X x 97™- 1 ) x {0}), 

where i and j are induced from the inclusions, and p from the projection. The map 
p' = po i is also induced from the projection. We will prove below that p'* provides 
us the isomorphism in the present lemma. For the aim, we show: 

(a) p'* is injective; 

b) p* is surjective; and 

c) 2* is surjective. 

For (a), we use the map 77 given by the homotopy extension property: 

X x 7"- 1 x {0} U (Y x 7™- 1 U X x dF 1 - 1 ) x 7 C ^ X x 7"" 1 x 7 

id 

;/ 



X x 7™- 1 x {0} U (Y x 7"- 1 U X x 97"- 1 ) x 7. 

If we put h(-) = 77(-, 1), then p' oh is homotopic to the identity of X x 7™ _1 relative 
to Y x 7™ -1 ulx 97™ _1 , so that p'* is injective. For (b), it is enough to apply the 
excision axiom. For (c), we define X D y D Z as follows. 

x = x x r- 1 x {o} u (y x r 1 - 1 ux x or 1 - 1 ) x 7, 
y = (y x r 1 - 1 ux x or- 1 ) x 7, 
z = y x r 1 - 1 x {1} u x x or- 1 x I. 

Lemma 14.41 gives the exact sequence: 

KF PxIn (X,y) > KF PxIn (X,Z) > KF PxI n(y,Z), 

in which the first map coincides with i* . Hence the surjectivity of i* will follow from 
KFp x jn (y. Z) = 0. To see this vanishing, we let (Z, Z) — > (y, Z) be the inclusion, 
and (y,Z) — > (Z,Z) the map given by composing the following projection and 
inclusion: 

y ► (Y x F 1 - 1 UX x dF 1 - 1 ) x {1} > Z. 

These maps give homotopy equivalences between (y,Z) and (Z,Z), so that we 
haveKF PxI n(y,Z)^KFp x in(Z,Z)=Q. □ 

Lemma 4.6. For (X,Y;P) 6 C, the group KFp^(Y) is isomorphic to 

KF PxIn (X x F 1 - 1 x {0} U (Y x 7 n ~ 1 U X x 97"" 1 ) x 7, 

X x I 11 - 1 x {0} U Y x F 1 - 1 x {1} U X x dF' 1 x I). 
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Proof. The present lemma straightly follows from the excision axiom. □ 

Now, for (X,Y;P) G C, we define the natural homomorphism 

: XF-» (Y) — > KFp n+1 (X, Y), (n > 1) 

to be the composition of the isomorphism in Lemma l4.6[ the following homomor- 
phism induced from the inclusion map: 

KF PxIn (X x F 1 - 1 x {0}U (Y x I^UI x dl^ 1 ) x I, 

X x J"" 1 x {0} U Y x J™- 1 x {1} U X x a/"" 1 x I) 

I 

KF PxI n(X x I 71 - 1 x {0}U (Y x /"^UI x dl n - x ) x I, 

Y x F 1 - 1 x {1} U X x dr- 1 x I), 

and the isomorphism in Lemma 14.51 

Proposition 4.7 (Exactness axiom). For (X,Y;P) 6 C and rt > 0, we /iawe t/ie 
following exact sequences. 

(a) KF p n {X, Y) — > KF p n (X) — » 2£F-£ (Y). 

(b) KF-^- x (Y) ^ KF p n (X, Y) — » KF p n {X). 

(c) KFp n - x {X) — » XF-^-^Y) ^ KF p n (X,Y). 

In the above, the maps KF p n (X,Y) -> KF p n (X) and KF p n {X) -> KF p ^(Y) are 
induced from the inclusions [X, 0) — > (X, Y) and Y — > X, respectively. 

Proof. We define ^D)/DZtobeA' = Ix J = Y"xfUlx 9/" and 
Z = X x 9/™. Then we consider the diagram: 

KF Px/ »(^,y) > #f PxI „(*,z) > xF Px/ »(y,z) 

XF P "(X,Y) ► KF p n {X) > XF^fy), 

where the upper row is the exact sequence in Lemma 14.41 the lower row is the 
sequence in (a), and the third vertical map is the isomorphism in the excision 
axiom. The diagram above commutes, so that (a) is proved. We can prove (b) and 
(c) in the same way. For (b), we use X D y D Z given by: 

x = x x r x {o} u (y x r u x x /") x i, 

y = x x r x {o} u z, 

z = y x r x {i} u x x or x i. 

For (c), we use X D y D Z given by 

x = x x r x [-1,0] ux x r x {o}uY x r x [0,1], 

y = x x r x {-i} u x x r x {0} u y x r x[o,i]uix of 1 x [-1, 0], 

Z = X x I n x {-1} U Y x J" x {1} U Y x 97" x [0, 1] U X x dP l x [-1, 0]. 

Then we obtain (b) and (c) by identifying the groups in the exact sequence in 
Lemma 14.41 and checking the compatibility of the identifications. The details of 
the check are left to the reader (cf. [1]). □ 
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Finally, to complete the proof of the "exactness" axiom in Proposition 14. 1( we 
extend the exact sequence obtained so far in Proposition 14.71 as a complex. For 
the purpose, we let F = F° © F 1 be the Z^-graded Hermitian vector bundle over 
the unit disk D 2 C C defined by F l = D 2 x C. We also let T : F -> F be the 

Hermitian map of degree 1 given by T z = ^ ^ ^ J . As is known [1] , the "Thorn 

class" (F, T) represents a generator of K(D 2 , S 1 ) = Z. 

For a moment, let X be a paracompact space and P — » X a principal PU(H)- 
bundle. Multiplying E = ({U a } ae f&, s a ,9a/3, {E a ,h a ),(f> a p) G fCJ r p(X) and (F,T), 
we get the following object /3(E) in K,T P ^{X x D 2 ,X x S 1 ): 

({U a x D 2 } ae2 |, 7r^-s Q , 7r^-g a/ 3, (7rxi? Q ®7r^2F, 7r^-ft, Q ®7r^ 2 T), 7r^0 Q/3 ), 

where ttx and 7TQ2 are the projections from X x D 2 to X and D 2 respectively. The 
Hermitian map Tt x h a ®TT* D2 T of degree 1, acting on the Z2-graded tensor product 
ir* x E a ®ir* D2 F, is given by: 

ir* x h a <g)ir* D 2T = ir* x h a <g 1 + e <g> tt^T, 

where e is 1 on the even part of ir x E a , and —1 on the odd part. The assignment 
E i ► /3(E) gives rise to a functor, and induces a natural homomorphism: 

[3 : KF P (X) — ► KF p 2 {X) = KF PxD *(X x D 2 ,Y x S 1 ). 

Now, we complete the proof of the "exactness" axiom in Proposition ^. II 

Proposition 4.8. For {X,Y;P) 6 C, we define S : KF°,(Y) -> KF P (X,Y) to 
be 5q = (5-2 ° (3. Then the following maps compose to give the trivial map, i.e. 
S a oi* = 0. 

KFp(X) — KF p]y {Y) KF P (X,Y). 
Proof. Notice the commutative diagram: 

KFp(x) — £-> KF° |y (r) — at^(a,f) 

KF P 2 (X) — ^ KF p 2 Y (Y) XF-i(X,y). 
Now, Proposition [47] (c) completes the proof. □ 

5. FlNITE-DIMENSIONAL APPROXIMATION 

In this section, we construct a natural transformation between Kp(X,Y) and 
KFp [X, Y) . The key to the construction is a notion of a finite-dimensional approx- 
imation of a family of Fredholm operators. We then study some properties of the 
natural transformation to prove our main theorem (Theorem [533]) ■ 

5.1. Approximation of family of Fredholm operators. First of all, we intro- 
duce some notations: let Ti be the Z2-graded Hilbert space H — TL © H, and T^H) 
the space of self-adjoint bounded operators on H of degree 1 whose square differ 
from the identity by compact operators: 

T{H) = {A:U^n\ bounded, self-adjoint, degree 1, A 2 - 1 e K{H)}. 
We identify J-(Tt) with J-(H) through the assignment A i— ► A = 
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For A G F(1~C), we write p(A 2 ) for the resolvent set of the operator A 2 , and 
o~(A 2 ) = C — p{A 2 ) for the spectrum set. If p is such that < /z < 1, then 
cr(A 2 ) n [0, n) consists of a finite number of eigenvalues, since A 2 — 1 is compact. In 
particular, corresponding eigenspaces are finite-dimensional, and so is the following 
direct sum: 

(H, A) <tl = Ker(i 2 - A) = 0{£ £ H\ i 2 £ - A£}- 

The purpose of this subsection is to establish: 

Proposition 5.1. Let X be a topological space, and A : X — > T{TL) a continuous 
map. For an open set U C X and a number p G (0, 1) PI Hzec/P^ 2 ;) 9"i ven ; ^ e 
family of vector spaces \J x€U CH, A x ) <fl C U x H gives rise to a (finite rank, Z2- 
graded, Hermitian) vector bundle over U. 

The restriction of A x to (H., A x ) <fl approximates the original family {A^}. 
Notice that the next lemma ensures the hypothesis in the proposition: 

Lemma 5.2. Let A : X — > T{TL) be a continuous map. For each point xo € X and 
a number p £ p{A 2 , Q ), there is an open neighborhood U of Xq such that: 



xEU 



Proof. This lemma follows from the following facts: (i) the map X — > B(H) noim , 
(x 1— > A 2 —p) is continuous; (ii) the operator A 2 —/it is invertible; and (hi) invertible 
bounded operators on H form an open subset in B(Ti) n orm- O 

For the proof of Proposition [5T] we show some lemmas. 



Lemma 5.3. Let U and p be as in Proposition \5.1\ For each point xq £ U, there 
exists an open neighborhood V C U of xo such that: 

dim(W,^4 a ) <M = dim('H,A Xo ) <IJ , < +00 

for all x £ V . 

Proof. Because A 2 — 1 is compact, (H, A Xo ) <fi is finite-dimensional. We put r = 
dim(7i, A Xo ) <IM . Let Ai(x) < \2(x) < ■■■ denote eigenvalues of A 2 , where each 
eigenvalue is included as many times as the dimension of its eigenspace. As is 
known, Xk(x) is a continuous function in x, because of the expression: 

AfcO) = sup mf f ' . 

ECU ueE±-{0} \u\ 2 
dim.E=fc-l 

We choose e so as to be < 2e < min{i< — X r (x ), A,. +1 (a;o) — p}, and define the 
open set V such that x 6 V C U to be: 

r+l 



V=f]{x eU\ \Xi(x) - Xi(x )\ <e}. 



i=l 

For all x G V , we have X r {x) < p < A r+1 (x), so that dim(7i, A x ) <tl = r. □ 
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Lemma 5.4. Let U and fj, be as in Proposition I5.il The orthogonal projections 
ir x : Ti. — > Ji onto {TL, J 4^)< jU constitute the continuous map 

71 = {^xjxeU ■ U > B(H)norm- 

Proof. It suffices to prove that, for a point Xq G U, we have \\ir x — n xo \\ — > as 
x — > xq. For this aim, we choose e and V as in the proof of Lemma 15.31 If x G V, 
then ir x has the expression: 



where R(z; A 2 ) = (z — A 2 ) -1 is the resolvent, and C is a counterclockwisely oriented 
circle in C such that: its center lies on the real axis; and the open disks B(Xi(xo); 2e), 
(i = 1, . . . , r) are inside C, but S(A r +i(a;o); 2e) is outside. Notice e < \z — A| for 
(z, A) G C x Uzev a (Al)- Thus, for (z, G C x V, we have: 

\\R(z;Al)u\\ _ \\v\\ 1 ^ 1 



= su p m'.ji = su p „, L „ = — httji < ~ 



HI IKz-i^n inf M^iiHi : 



Now, thanks to the integral expression of n x , we get a constant M such that ||7r x — 
Kx II < Af - A 2 Xq II for x eV. Hence \\tt x - tt Xq \\ — > as a; — > xo- □ 

Lemma 5.5. Lei {/ and 6e as m Provosition \5.1\ For x a G f7, i/iere is an open 
neighborhood W C U of xq such that: the projection p : TL — > (W, Aj; ) <M induces 
an isomorphism (H, A x ) <tl = (H, A Xo ) <tl for all x G W. 

Proof. Let F 1 - be the orthogonal complement of F = (H, A a , ) <A1 . We write p : 
7i — * F for the projection, and r 1 : F — * H for the inclusion. The operator 
tt x = 1 — tt x is apparently Fredholm, and a; i— » 7r^ is norm continuous by Lemma 
15.41 Thus, in the same way as that used in the appendix of pQ, we can find an open 
neighborhood V of xq such that: the map p ± n x L i ± : F 1 - — » F 1 - is bijective for all 
x € V. Now, by the map of exact sequences: 

> F 1 - - > H — ^— > F > 

> F- 1 = F 1 - > ► 0, 

we see that p induces an isomorphism Kerp^ir^ = F for cc G V. Note that 
Kerp ± Tr x D Kcr^ = (7i, A x ) <fJi . By Lemma 15.31 the dimension of (Ti.,A x ) <tl 
is equal to that of F — (7i,,A X0 ) <fJ ,, provided that x G V. Thus, p induces an 
isomorphism (H, A x ) <fl = (H, A Xo ) </x for all x G W = V n V. □ 

Proof of Provosition \5.1\ It suffices to see that the family U x et/(^' ^ 2; )<m i s l° ca Uy 
trivial. We consider the open neighborhood of a point xq G t/ in Lemma T5.5I 
Then, on W, the map idxp : W xH — + W x (7i, A a , )< jU induces a local trivialization 

Remark 10. Instead of J-(7i), we can use the space of Fredholm operators with the 
norm topology to obtain the same claim as Proposition 15. II A key to this case is 
that is a discrete spectrum of a non-invertible Fredholm operator. 
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5.2. Natural transformation. Let X be a paracompact space, and P — > X a 
principal PC/ (7i)-bundle. We construct a natural homomorphism: 

a : K P (X) — ► KFp(X) 

as follows: suppose that a section A G r(X, P x^d J-i^Hj) is given. We choose an 
open cover U = {U a } xe <& such that there are local sections s a : U a — > P|[/ Q an d 
lifts of transition functions g a p : U a fj — + U(H). The local sections of P allow us to 
identify A with a collection of maps A a : U a — > ^"(W) such that A a = g a pApg~p 
on U a p- Because of Lemma 15.21 taking a refinement of U if necessary, we can find 
a positive number fj, a such that \i a € f] x£Ua p((A%) x ). By Proposition 15. 1[ we get 
a finite rank Z2-graded Hermitian vector bundle E a = U xe u a CH, {A a ) x )< tla over 
U a . The restriction of A a to E a defines a Hermitian map h a : E a — > P Q of degree 
1. On C/ Q /3, we define <^ a/ g : P/3 — » P a to be the composition of the maps: 

|J (7*, (i/j)x)< w -> l/ a/3 x H id ^ fi U aP xH^ (J (W, (A a ) x ) <tla , 

where the first and third maps are the inclusion and projection, respectively. The 
data E = (U,s a ,g a /3,(E ai h a ))<fiap) is a P-twisted vectorial bundle over X. The 
isomorphism class of E is independent of the choice of fi a , s a , g a p and U. Now, the 
homomorphism a : Kp{X) — * KFp(X) is given by a ([A]) = [E]. 

The same construction yields a natural map a : Kp(X,Y) — > KFp(X,Y) for 
Fcl, and hence a n : K™(X, Y) -> KF^X, Y). 

Lemma 5.6. For a ■paracompact space X and a principal PU {71) -bundle P — > X . 
the following diagram commutes: 

Kp{X) P > ^(Ix^.IxS 1 ) 

KFp(X) — — > KF PxD 2(X x D 2 ,X x S 1 ), 

where the upper map (3 induces the Bott periodicity K p (X) = Kp 2 (X). 

Before the proof of this lemma, we explain the map (3 inducing the Bott period- 
icity for twisted if-cohomology. Roughly, the map is a "multiplication of a Thorn 
class". To be more precise, recall the identification of J-(H) with ^(Ti). This iden- 
tification is compatible with the conjugate actions of PU(H), through the diagonal 
embedding U(TL) — + U(H). So we can represent an element in Kp(X) by a section 
A of the associated bundle Px Adrift) ° ver X. We identify the section with a map 
A : P — > T(H). For (p, z) G P x D 2 , we define a degree 1 self-adjoint Frcdholm 
operator /?(A)( P)Z ) on the Z 2 -graded Hubert space 7i (g> (C © C) by 

/3(A) (p,*) = A p ® 1 + e®T z 

/ A* \ / 1 0\ f 1 \ / 2 \ 

This operator defines a section /5(A) of (P x D 2 ) x Ad T{Ti.®{C®C)) over X x D 2 , 
and induces the Bott periodicity map (5 : Kp{X) — » K PxD 2(X x D 2 ,X x S 1 ). 
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Proof of Lemma [5^R Let A G T(X,P XAd^Fiji)) be a section given. First, we 
describe /3a([A]) G KFp 2 (X) as follows: let an object 

),<l> a p)eKFp{X) 

represent the element a ([A]) G KFp(X). We suppose that E a is given by E a — 
Use;/ v~L-> (A a )x)<fi a un der a choice of a positive number fi a . Taking a finer open 
cover if necessary, we can assume that the rank of E a is r a , and that there exists 
a positive number e Q such that e a < min{/i a — X ra (x), X ra +i(x) — fi a } for all 
x E U a . Here Xj(x) is the jth eigenvalue of {A^) x , which varies continuously in x. 
(cf. Lemma IQf We define an open cover {V(s; e a )} s e[o,i] of D 2 by setting 

V{s;e a ) = {z G D 2 \ s - e a < \z\ 2 < s + e a }, s G [0, 1]. 

Then we can represent (3a ([A]) G KFp 2 (X) by 

({U a x V(s;e a )},-K* x s a , n x g a p, {n* x E a ® (C © C), 7r^/i Q ®7rJ, 2 T), rr^0 Q ^). 

Next, we consider the element a/3([A]) G KFp 2 (X). In applying Proposition [O] to 
the section /3(A) of (P x D 2 ) x Ad T{U® (C©C)), we use the open set J7 Q x V(s;e a ) 
and the positive number fi a + s. The jth eigenvalue of the square of (A a ) x ^l+e®T z 
is Xj(x) + \z\ 2 . Since A rQ (x) + \z\ 2 < \x a + s < X ra+ i(x) + \z\ 2 holds for (x,z) G 
U a x V(s; e a ) by construction, we obtain: 

{H ® (C © C), (ic)^ ® 1 + e ® T z )< Mq+s = {H, {A a )x)<» ® (C © C). 

Hence the representative of /?a([A]) also represents a/3([A]). □ 

Proposition 5.7. TTie homomorphisms a n : Kp(X,Y) — » KFp(X, Y), (n < 1) 
constitute a natural transformation of cohomology theories. 

Proof. It suffices to see that the natural homomorphisms a n are compatible with 
the axioms in Proposition 12.21 and 14. H The homotopy axioms, the excision axioms 
and the additivity axioms are clearly compatible with oe n . For n < 0, inclusion 
maps define S n , so that 5 n a n — a n+1 5 n . This formula also holds for n = 0, because 
of Lemma 15.61 As a result, the "exactness" axioms are compatible with a n . □ 

5.3. Finite-dimensional approximation in untwisted case. In untwisted case, 
the map a has the following property: 

Proposition 5.8. If (X,Y; P) G C is such that P — ► X is trivial, then the homo- 
morphism a : Kp(X,Y) — » KFp(X,Y) is bijective. 

If P is trivial, then we can identify Kp[X,Y) with the set of the homotopy 
classes of maps A : X — > .F(W) such that A y , (y G F) is the identify. Accordingly, 
we identify the map in Proposition 15. 81 with: 

a:[(X,Y),(F(n),l)}^KF(X,Y), 

where the group KF(X, Y) consists of homotopy classes of vectorial bundles whose 
supports do not intersect Y. 

For the proof of Proposition 15.81 we notice Furuta's result: 

Theorem 5.9 f[13j). For a compact space X and its closed subspace Y C X , there 
is an isomorphism K(X,Y) — ► KF(X,Y). 
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The -ftT-group K (X, Y) above is formulated by means of vector bundles, rather 
than Fredholm operators. In the case of Y = 0, Theorem 15.91 gives Theorem 13.41 
The proof of Theorem 15.91 is also included in Appendix. 



Thanks to the above result of Furuta, we have: 

Lemma 5.10. For a compact space X, the map a : [X, T(TL)\ — » KF(X) is bijec- 
tive. 

Proof. For (a), we consider the following diagram: 

[X,F(H)] 





K(X) - KF(X), 

where ind : [X, Ti/H)] — > K(X) is the isomorphism constructed in [U |3]. The 
homomorphism K(X) — * KF(X) is introduced in Subsection 13.11 The method 
showing the surjectivity of ind in 1 allows us to realize any vector bundle E —> X 
as E — {J xeX Kerala; by means of a map A : X — > Ti/H) such that o-(A^.) = {0, 1} 
for all x G X. Thus, the above diagram is commutative, so that Theorem 13.41 
implies the present lemma. □ 

Lemma 5.11. For (X,pt) £ C, the map a : [(X, pt), (F(H), 1)] -> KF(X,i>t) is 
bijective. 

Proof. We use the exact sequences for (X, pt). By Proposition 15. 7i the diagram 

► [(x, P t),(^(w),i)] > [x,r(M] 

KF(I,dI) > KF(X,pt) > KF(X). 

is commutative. Because J~(J~L) is a representing space for X-thcory [3], we have 
tti^W), 1) = 0. By Theorem EH we also have KF(I, dl) ^ K{I, dl) = 0. Hence 
Lemma T5. 101 leads to the present lemma. □ 

The following is also a result of Furuta: 

Lemma 5.12 ( t 13j). If X is compact and Y C X is closed, then the quotient map 
q : X — » X/Y induces an isomorphism KF{X,Y) = KF(X/Y,pt). 

Proof. Under the assumption, the topology of (X/Y) — pt induced from X/Y coin- 
cides with the topology of X — Y induced from X. Hence the isomorphism classes 
in K,!F(X,Y) correspond bijectively to those in K.J-(X/Y,pt) via q. Since this 
correspondence respects homotopies, the lemma is proved. □ 

Proof of Proposition 1 5. 8i The quotient q : X — > X/Y gives the diagram: 

[(X,Y),(F(H),l)] — =-» KF(X,Y) 



g 



[(X/Y,pt),(JT(H),l)] > KF(X/Y,pt). 
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By Lemma r5.12[ the right q* is bijective. Since Y — ► A is a cofibration, the left q* is 
also bijective, and the diagram above is commutative. Now Lemma f5 . 1 1 1 establishes 
Proposition [5T5J □ 

5.4. Main theorem. 

Theorem 5.13. For a CW complex X and a principal PU (H)-bundle P — > X , the 
homomorphism a_„ : Kp n (X) — > KFp U {X), (n > 0) is bijective. 

To prove this theorem, we begin with the case that X is finite. 

Lemma 5.14. Let X be a finite CW complex. Then, for a principal PU (Ti.) -bundle 
P — » X, the homomorphism a_„ : K P n (X) — > KFp n (X), (n > 0) is bijective. 

Proof. We prove this lemma by an induction on the number r of cells in X. If 
r = 1, then X consists of a point, so that a_ n , (n > 0) is bijective by Proposition 
15.81 If r > 1, then we can express X as X — e q U Y, where e q is a g-dimensional 
cell, and Y is a subcomplex with (r — 1) cells. Proposition 15.71 gives the following 
commutative diagram for n > 0. 

K-^Y) — Kp n (X, Y) — Kp"(X) — >■ Xpp y (F) — - K p n+1 (X, Y) 



KF p l l -\Y) KFp n (X,Y) KF p n {X) KF p ™(Y) KF p n+1 {X, Y) 

As the hypothesis of the induction, we assume the first and forth vertical maps 
are bijective. The excision axiom gives Kp~ n (X, Y) = K~? {F >q , S" 9-1 )- Similarly, 

KF p n (X,Y) £3 KFp^ q {D q 1 S q - 1 ). Since every principal P[/(H)-bundles over the 
disk Z? 9 are trivial, Proposition 15.81 implies that the second and fifth maps are 
bijective. Therefore the third map is also bijective. Notice that the five lemma 
works even if the lower row is not exact at KFp, (Y). □ 

Proof of Theorem \5.13[ Let X q C X be the subcomplex consisting of cells whose 
dimensions are less than or equal to q. Identifying X q x {q + 1} c X q x [q,q + 1] 
with X q x {q + 1} c X q+1 x [q + 1, q + 2], we get the "telescope" X of X: 

X = X° x [0, 1] U X 1 x [1, 2] U X 2 x [2, 3] U • • • . 

In a similar way, we get a principal PC/(7i)-bundle P — » X from P — > X. As is 
known [TH], the projections A 9 x [g, g + 1] — > X 9 induce a homotopy equivalence 
w : X -> A. Since w*P P, we have ^"(A) = A p "(A) as well as KF^ n {X) = 
KF p n (X). Thus, to show Theorem I5TT31 it suffices to prove that a_„ : K p n (X) -> 
KFp n (X) is bijective for n > 0. For this purpose, we let Y" be the subcomplex in 
A given by Y = ]} X q = ]J q X q x {q}. For n > 0, Proposition [5J| gives: 
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The first and forth columns in the commutative diagram above are bijective: the 
additivity axiom in Proposition 1 2 . 21 implies 

9 

Similarly, we have KF p ™ (Y) = ]J q KFp^ q (X q ). Because X q is a finite CW com- 
plex, the map a_„ : K p " xq (X q ) — > KF~" xq (X q ) is bijective by Lemma I5A41 and 
so is a^ n : U q K'? (X q ) ]J q KF p ^ q (X q ). The second and fifth columns can 
be shown to be bijective in the same way, since we have 

K?(X,Y) = K^ PUqXl (U q X« x J, U q X q x dl) 

= U K p^^ xq x L xq x 9/ ) =Ii K p\ x ~'( xq )- 

Now, the five lemma leads to the bijectivity of the third. □ 
We have Theorem [T] by setting n = in Theorem 15. f 31 We also have: 

Corollary 5.15 (Bott periodicity). Under the assumption in Theorem ! 5.131 there 
is a natural isomorphism KFp~ n (X) = KF p n ~ (X) for n > 0. 

Thus, on CW complexes, we can extend Proposition 14.11 to get a cohomology 
theory {KF P (X, Y)} n< zz equivalent to twisted if-cohomology. 



Appendix A. Proof of Furuta's theorem 

We provide proof of Furuta's theorems (Theorem 13.41 and 15. 9p culling from [14] . 
Most parts of this appendix is devoted to the proof of Theorem l3.4| since the proof of 
Theorem l5.9l is almost the same. To prove Theorem l3.4| we begin with preliminaries 
in Subsection IA.11 and then construct a vector bundle from a vectorial bundle in 
Subsection IA. 21 We use the vector bundle to prove that the map K(X) — » KF(X) 
is surjective in Subsection lA.3l Finally, the injectivity of K (X) — > KF(X) is shown 
in Subsection IA. 41 

A.l. Preliminary. Let E = ({C/ a } a ga, {E a , h a ), 4> a p) £ K,!F(X) be a vectorial 
bundle on a compact space X . Taking a finer open cover if necessary, we can assume 
that E a is a trivial bundle E a = U a x V a , where V a = V® ffi is a Z 2 -graded 
Hermitian vector space of finite rank. Since X is compact, we can also assume that 
{C/ Q } Q6 a is a finite cover of X. For x £ X, we put 21 (x) = {a £ 2l| x £ U a }. 

Lemma A.l. There is a positive number X such that: for x £ X and a, [3 £ 2l(x), 
the map (<p a f3)x ■ Vp — > V a induces an isomorphism 

(Va, (hp) x ) <x = (V a , (h a ) x ) <x . 

Proof. By the definition of vectorial bundles, we can find, for each point x £ X, 
an open neighborhood U x of x and a positive number X x such that: for y £ 
U x and a,j3 € 2l(a;), the map (<j) a p)y induces an isomorphism (Vg, (/i ( 3) y )<A x — 
{V a , (h a ) y )<x x . Because X is compact, we can choose a finite number of points 
Xx, . . . , % n £ X so that U Xl , . . . , U Xn cover X. The minimum among , . . . , X Xn 
gives the A. □ 
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We choose and fix a positive number A in the lemma above. Then, for x G X, 
we define a Z2-graded Hermitian vector space (E) x to be 

(Eh= U (V a ,(h a ) x )<x/ ~, 
aea(i) 

where ~ is an equivalence relation: for u a 6 V„ and Vr G Vp, we have v a ~ vg if 
and only if {4> a 3) x vg = v a . We also define a Hermitian map of degree 1 

(h E ) x ■ (E) x -> (E) x , [v a ] h-» [(h a ) 
where [v a ] stands for the element in (E) x represented by v a G (V a , (h a ) x ) < \. 

Lemma A. 2. For a point Xq G X and a number [i such that fi G (0, A) n p((hE) Xo ), 
there is an open neighborhood U of xq on which the family of vector spaces 

|J ((#)*, (M*)<„ 

gives rise to a vector bundle. 

We remark that the family of vector spaces {J xG x(E) x is not generally a vector 
bundle over X since the dimension of (E) x may jump as x varies. 

Proof. We take and fix a G 2l(xo). The same argument as in Subsection 15 . 1 1 implies 
that there is an open neighborhood U of xq on which \J x£U {V a , (h a ) x )<fi gives rise 
to a vector bundle over U. Hence the natural bijection between [J x& u(V a , (h a ) x ) <fl 
and \J x£ u((E) x , {hE) x )<n establishes the lemma. □ 

A. 2. Construction of vector bundle. Let p^} be a partition of unity sub- 
ordinate to the open cover {[0, A), (0, oo)} of [0, oo). For x G X and a G 2l(x), 
the functional calculus induces the Hermitian map Po((h a ) x ) ■ V a — > V a . We 
can think of Po((h a ) 2 ) as an "approximation" of the orthogonal projection onto 
(V a ,(ha)x)<\- In fact, the image of V a under pl{{h a ) 2 x ) is in (V a , (h a ) x )<\- In 
particular, the image of the odd part is in (V a , [h a ) x )l-x = f] (V a , (h a ) x )<\, 
since Po((h a ) x ) is of degree 0. 

Now, we use a partition of unity {g a }ae$i subordinate to the open cover {J7 Q } Q6 a 
of X to define the linear map (g) x , (x G X) as follows: 

(a)x-- 0t£ — C^ 1 )*. e««i«E,fo(«)^(WM. 

where (E) x = (E°) x © (E 1 ), and (E% = ]\ a&(x) {V a , (h a ) x ) l <x / ~. By means of 
(g)a:, we also define the linear maps 

to be 

© (0. «£)) - Poo((hE)l)(h E ) x v° + (g) x (® a vi), 

(d'Uv 1 © (© a - PooKM!)* 1 + (ff)x(© a 

Lemma A. 3. 77ie maps (<r)a; <™d (9 1 )x are surjective at each x G X . 
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Proof. Consider the eigenspace decomposition (E 1 ) x = (J) K Kev(QiE) x — k). For 
each k, we have Pq(k) ^ or P% 3 (k) ^ 0. In the case of Pq(k) ^ 0, we can see 
Ker((h,E)x — k) C {g) x (V^) for an a G 2l(x) such that £j Q (a;) 7^ 0. In the case of 
p1c( k ) 7^ 0, we clearly have Ker((/ie)^ — re) C ((^^((.E 1 )^). Since k ^ in this 
case, we also have Ker({h,E) x — «) C (g°) x ((E°) x ). □ 



Accordingly, we have the following exact sequence at each x G A: 

_ (9'), 

a 



► (F% ► (E% © 0Fi (i? 1 ), > 0, 



where (i^)^ = Kcr(g l ) x . The exact sequence implies that dim.(F t ) x is locally 
constant in x, because dim(E°) x — dim(E 1 ) x is. While the family of vector spaces 
{J xe x(E l ) x is not generally a vector bundle, we have: 

Proposition A. 4. For i = 0, 1, £/ie family of vector spaces F % = Lbex <7«fes 
rise to a vector bundle over X . 

Proof. We take and fix xo G A and o?o G 2l(:ro). For a; G U aa , we introduce linear 
maps as follows: 

(P)x-C, [»2J (0aoa)««a 

a£2 a 

Note that {g ao )x = {t1 )x ° (jj) x - We also introduce 
by setting 

CffSo)x(»° © (0a = A»((ftao)S)(*«o)x»° + ^.(e^i), 

(flio)*^ 1 © (0a «£)) = Poodh^Dv 1 + ( 9 ) x (® a Vi). 

In the same way as in the proof of Lemma lA.31 we see that (g l a ) x are also surjective 
for x G U ao . Now, we have the commutative diagram: 

> Ker(gi ) x > V*, e ©V* K a > 



(f% ► (^)x©0^i (i? 1 )* ► 0. 



Since (t^ ) x is injective, so is the map (F l ) x — > Ker(<7^ o ) x . Because dim(£ , °) x — 
dim(_E 1 ) 2 ; = dimV^ — dim , we have dim^-F^ = dim Ker(g l ag ) x . This implies 
that the map (F l ) x — > Ker(<7^ o ) x is bijective. Consequently, we can identify i^'lt/ 
with the family of vector spaces Ux£[/ Q0 Ker(<j^ ) x . Because {g l ao ) x is continuous 
in a; G U a „, the family Uxec/ Q Ker(g l ao ) x becomes a vector bundle. Hence the 
identification makes F l into a vector bundle. □ 
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A. 3. Surjectivity. In this subsection, we prove: 

Proposition A. 5. If X is compact, then K(X) — > KF(X) is surjective. 

So far, a Z 2 -graded vector bundle F = F° © F 1 over X is constructed from 
a given vectorial bundle E G K,T{X). To prove the proposition above, it suffices 
to introduce a Hermitian metric and a Hcrmitian map h on F so that (F, h) is 
isomorphic to E vectorial bundle. 

For x G A, we define a Hermitian metric on (F/)^ © (® ae a ) by : 

ik°©(® Q ^)ii 2 = ii- ii 2 + iEii^n 2 ' 
ii« 1 e(ex)ii 2 Hh> 1 ii 2 +£Kii 2 - 

a 

We induce the Hermitian metric on {F l ) x by restriction. Wc then define 
(h w ) x : (F°) x — > (F 1 ),, i, © (® Q ^) ~ (M^° © (0 Q 

We put h x = (h w ) x + (ftoi)xi where (/i i)a: is the adjoint of (/ii ) x : 

(ftoi)x : {F% — > (F ),, i; 1 © (® Q ^) ^ (M^ 1 © (® Q At£). 

Lemma A. 6. Lef fiQ > 6e suc/i i/iai ^o(^) = 1 / or r G [0, /xo] . TTien /or a; G A 
the composition of the inclusion and the projection 

induces an isomorphism (F,h) Xi<ll0 = ((E) x ,(Iie) x )<i Mj - 

Proof. The point x G A will be fixed in this proof. So we omit subscripts x from 
(-F*) x , (E l ) x {hE) xl and so on. The map h% © (® Q h 2 a ) is Hermitian with respect 
to the Hermitian metric on E l © (® ae21 V„) introduced just before this lemma. 
Hence we get the orthogonal decomposition 

E' V£ = F„, F M = Ker(h| © (® Q /£) - M ). 

aga /j>0 

Since g l o (h 2 E © (® Q /j^)) =h\o g l , we also get the orthogonal decomposition 

ju>0 

Because /i o © (® Q /i^)) = © (® Q /i^ )) o ft, the map h preserves the or- 
thogonal decomposition of F. Thus, in the following, we will verify the present 
lemma on each space F^. 

First, we suppose /x > /Uo- Then we have (F,h) <fl0 n F^ = {0}. To see this, 
notice A > fio- For a vector v° © (0 Q u„) in the even part F° of F^, we have 

- ii nil? , 1 i i 119 - mm \M) A i ^ MO - 



ll«°e(0 Q OII 2 " ll«°ll 2 + xE a KI 

Hence the eigenvalue of h 2 is greater than or equal to /i on the even part F®, and 
so is on the odd part F*. 
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Next, we consider the case of /x < fiQ. Because go(fJ-) — 1 ancl goo(/i) = 0, a 
vector v l © (@ Q v\) in Ft belongs to F^ if and only if J2 a Qa v a — 0- Hence has 
the orthogonal decomposition F^ — F^ © , where 

4=£*nKer(/i|-M), 

^ = «i 6 Qea E Q e««i = 0} n Ker(0 Q hi - fi). 
The Hermitian map h? preserves the decomposition. In particular, ft, 2 = A on V^, 
so that (F, h) <ll0 D Fp = F M . Thus, (F, fc)</io = (F, M<„o- □ 

The isomorphism in Lemma IA.6I is compatible with the Hermitian maps (h) x 
and (He)x- In addition, the isomorphism in Lemma I A . 6 1 induces an isomorphism of 
vector bundles locally, provided that fiQ is chosen suitably. Now, the construction 
of (E) x implies that (F, h) is isomorphic to E as a vectorial bundle, which completes 
the proof of Proposition 

If Y C X is a closed subspace and SuppEHF = 0, then we also have Supp(F, h) n 
Y = 0. This means that we have the pair of vector bundle (F°, F 1 ) and h%o ■ F Q —> 
F 1 is invertible on Y. As is known [T], such data (F°,F 1 ,/iio) constitute the 
K-group K(X,Y). Thus we get: 

Proposition A. 7. For a compact space X and its closed subspace Y C X , there 
is a surjection K(X,Y) -> KF(X,Y). 

A. 4. Injectivity. 

Proposition A. 8. If X is compact, then K(X) — » KF(X) is injective. 

Proof. Suppose that two Z2-gradcd Hermitian vector bundles Fq and F\ over X 
give the same element in KF(X). Then there is a vectorial bundle F on X x [0, 1] 
such that F|xx{i} is isomorphic to (Fi,hi) as a vectorial bundle, where hi is the 
trivial Hermitian map hi — 0. Thanks to the construction proving Proposition 
IA.51 we can replace F by a pair (F,h), where F is a Z2-graded Hermitian vector 
bundle on X x [0, 1] and h : F — -> F is a Hermitian map of degree 1. That 
(Fi, hi) = (F, h)\xx{i} as vectorial bundles means that F{ = Ker/i 2 |xx{i} a s vector 
bundles. This implies that the pairs (F®,Fl) and (F \x x {i}, F 1 \xx{i}) are in the 
same class in K(X). Therefore the pairs (F§ , Fq) and (F[\ F±) represent the same 
class mK(X). □ 

Proposition A. 9. For a compact space X and its closed subspace Y C X , the map 
K(X,Y) -> KF(X,Y) is injective. 

Lemma A. 10. For i — 0, 1, let Fi = Ff © Ff be a Z2-graded Hermitian vector 
bundle over a compact space X, and hi : Fi — > Fi a Hermitian map of degree 1. 
If (Fo, ho) and (Fi, hi) are isomorphic in ICF(X), then Fq © F* and Fq 1 © F° are 
isomorphic as vector bundles. 

Proof. By the definition of the equivalences in K,J-(X), we have a map g : Fo — ► Fl 
of degree compatible with ho and /ii such that: for each x G X, there are a 
positive integer and an open neighborhood U x of x such that: (g) y induces an 
isomorphism (Fo, ho)y,<\ x — (Fi,hi) Vt <\ x for all y G X. Since X is compact, we 
can find a positive number A such that: (g) x induces an isomorphism (Fo, ho) x ,<\ — 
(Fi,hi) x ,<\ for each x e X. 



TWISTED -THEORY AND FINITE-DIMENSIONAL APPROXIMATION 



25 



We choose such A as above, and take a partition of unity {pq, p 2 ^} subordinate to 
the open cover {[0, A), (0, oo)} of [0, oo). The Hermitian map Po((hi) 2 ) : {Fi) x — > 
(Fi)x plays a role of a continuous "approximation" of (a square root of) the orthog- 
onal projection onto (Fi, hi) Xy< \. In fact, the image of po((hi) 2 ) I s i n C^ij h>\) Xt <\. 
Hence the map (g)~ 1 po((hi) 2 ) : (Fi)x —> (Fq) x makes sense. In particular, this map 
is continuous in x, so that we obtain a vector bundle map g~ po(h 2 ) : -F — > Fq of de- 
gree 0. Similarly, the image of Poo((hi)l) is in (Fi, h{) x< >x = K > A Ksx{{h\)% - n). 
Thus, we obtain a vector bundle map sgn(/ii)p 00 (/if ) : F\ — ► F\ of degree 1, where 
sgn(t)=f/l*l- 

Now, we define h : Fq © Fi — > Fq © Fi to be h = h + hoo , where 
ho = gpo(hl) + g~ 1 po(hf), 
hoc = sga(h )p oo (h l ) - sgn(/ii)p 00 (/i^). 

Then h 2 = p (hf) 2 + Po(h%) 2 , = Pooihj) 2 + pooiK) 2 and hji^ + hooh = 
0. Therefore h 2 = 1 and h is an isomorphism. By construction, h carries the 
component Fq © F^ to -Fg 1 © and vice verse. □ 

Proof of Provosition \A.9l For i = 0,1, we let (Fi,hi) represent an element in 
K(X, Y), where Fi — F® © F* is a Z2-graded Hermitian vector bundle on X and 
hi : Fi — > fj is a Hermitian map of degree 1 such that /ii is invertible on Y. Suppose 
that (F, hi) define the same element in KF(X, Y). Because X x [0, 1] is compact, 
the construction showing Proposition [A3] gives a Z2-graded Hermitian vector bun- 
dle F on X x [0, 1] and a Hermitian map h of degree 1 such that: h is invertible 
on Y x [0, 1] and we have (F i} hi) = (F,h)\ Xx {i} in JCF(X,Y). Now, Lemma lA~T0l 
implies that (Fi,hi) and (F, ft)|xx{i} represent the same class in K(X, Y). Thus 
(F), /lo) and (Fi, hi) are in the same class in K(X, Y). □ 
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